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QUESTION 1. Let R be a finite commutative ring with 1. Assume that AB = {0} for some maximal ideals A, B of R.
(i) Prove that |R| = p}'p%* for some prime numbers p;, p, and for some integers n, m.
(i1) (up to isomorphism), describe the structure of R.

(iii)) How many maximal ideals does R have?

QUESTION 2. (i) Let F be an integral domain such that char(E) = 0. Prove that F has a subring F' that is ring-
isomorphic to Z (Hint: As I explained in class, construct a ring-homomorphism from Z into E that is one to one,
note that now we can conclude that 7 is the smallest integral domain that has characteristic equals 0)

(ii) Let F be a field such that char(F) = 0. Prove that F" has a subfield L such that L is ring-isomorphic to Q. (note
write a/b = ab~! for some a,bin Z, b # 0 and see my hint above. Hence we conclude that Q is the smallest field
that has characteristic 0)

(iii) Prove that the identity map from Z ONTO Z is the only ring-isomorphism from Z ONTO Z
(iv) Prove that the identity map from Q ONTO @ is the only ring-isomorphism from ¢ ONTO @

QUESTION 3. (as I promised in class). Let F' C F be fields extension such that E is a finite field. Prove that F
is ring-isomorphic to F[z]/(f(z)) for some monic irreducible polynomial f(x) over F' that satisfies f(a) = 0, where
(E*,.) =<a>.

QUESTION 4. JUST BEAUTIFUL !!!!)

(i) Let E = GF(p"). Prove that every monic IRREDUCIBLE polynomial of degree n over Z, splits completely in E.
(Hint: let f(z) = 2™ + ... + a1 + ao be a monic irreducible polynomial of degree n over Z,,. We know that f(z)
splits completely in F' = Z,[z]/(f(z)). Note |F| = |E|. Thus F is ring-isomorphic to E. Let L : ' — E be a
ring-isomorphism. Show that L(a) = a for every a € Z,,. Now let b in F' such that f(b) =b" + ... + a1b+ ap = 0.
Show that f(L(b)) = 0. Hence L(b) is a root of f(z).)

(ii)) (WAW ! indeed) Fix an integer k& and a prime number p. Let h = pF. Prove that the product of ALL monic
IRREDUCIBLE polynomials over Z, whose degrees divide k is equal to f(z) = z" — z (hint: We know that
GF(p?) is a subfield of GF (p*) if and only if d | k. Now use (i) and the fact that f(z) splits completely in GF (p*)
and it has no multiple roots and f(z) has exactly p* roots,)

(iii) (NICE!, calculation) Let p be a prime number

a. Find the number of all ALL monic irreducible polynomials of degree 2 over Z,,. (hint: Consider E = GF(p?)
and use (ii))

b. Find the number of all ALL monic irreducible polynomials of degree 3 over Z,.. (hint: Consider E = GF(p*)
and use (ii))

c. Let b be a prime number. Find the number of all ALL monic irreducible polynomials of degree b over Z,.
(hint: Consider £ = GF(p®) and use (ii))

d. Find the number of all ALL monic irreducible polynomials of degree 4 over Z,. (hint: Consider £ = GF(p*),
use (ii), and note that you already know the number of all ALL monic irreducible polynomials of degree 2
over Zy. )

e. Find the number of all ALL monic irreducible polynomials of degree 8 over Z,,. (hint: Consider £ = GF (%),
use (ii), and note that you already know the number of all ALL monic irreducible polynomials of degrees 2
and 4 over Z,,. )
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